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General forniulas for the trarismission characteristics of a medium for 
the simplest two-dimensional systems with an exponential law of 
absorption are given. These characteristics are the coefficients of 
irradiation, the coefficients of spatial distribution of the incident 
flux, and the coefficient of utilization of a point source. The emis- 
sion characteristic of real surfaces is expressed by a cosine power 
series. 

The t r a n s f e r  of rad ian t  energy  in a med ium is  u su -  
al ly ca lcu la ted  with a l lowance  fo r  the d i f fus ivi ty  of the 
f luxes  incident  on the medium.  Yet the i n t r i n s i c  or  ef-  

f ee t ive  e m i s s i o n  even of o rd ina ry  s u r f a c e s  does not 
con fo rm to a cos ine  law. F o r  a s e m i t r a n s p a r e n t  body 
with a t e m p e r a t u r e  va ry ing  with depth, the e m i s s i o n  
of the s u r f a c e  may dev ia te  v e r y  cons ide rab ly  f r o m  a 
cos ine  law. If the s u r f a c e  is cove red  by s o u r c e s  (for 
ins tance ,  l amps  in the ease  of d ry ing  with i n f r a r e d  

rays) ,  the e m i s s i o n  c h a r a c t e r i s t i c  depends on the type 
of sou rce .  Very  d i v e r s e  c h a r a c t e r i s t i c s  a r e  g iven by 
f luxes  of n u c l e a r  r ad ia t ion  and m o l e c u l a r  f luxes .  

The (effect ive  o r  in t r ins ic )  e m i s s i o n  c h a r a c t e r i s t i c  
of an e l e m e n t  of s u r f a c e  can convenient ly  be e x p r e s s e d  
by a s e r i e s  converg ing  in the i n t e rva l  [0, 7r/2] [1]: 

where  

e~ 

f ( O )  = ~ a n c e s n O ,  
n=0 

an= 1. 
n ~O  

In s o m e  ca se s  it is  suf f ic ien t  to take the f i r s t  t h r e e  

t e r m s  of the s e r i e s  with odd power s  of the cos ine  [2]. 

Another  c h a r a c t e r i s t i c  of the emi t t ing  e l emen t  wi l l  be 
the equiva len t  sol id  angle  ~2 [2], which is the so l id  
angle  in which an i s o t r o p i c  (in a hemisphe re )  f lux of 

the s a m e  in tens i ty  can be  p ropaga ted  at | = 0 (normal  

to the e lement ) :  

~ = ; f ( O ) d ( o = 2 n ~  an . 
n + 1 (1) 

77: n~O 

Hencefor th  we a s s u m e  an exponent ia l  absorp t ion  
law and consider only two-dimensional problems, for 

which the special Kin(X) functions, used earlier in 

calculations of convective heat transfer [3] and radia- 

tion dosimetry [4], can be successfully used. Func- 
tions Kin(X) have been tabulated for n from 1 to 16 in 

the range 0 -< x <- 3 [5]. 
Below we give the essential properties of a Kin(x) 

function: 

Ki~ (x) = . f e x  p (-- x/cos a) cos n-1 a d a, 
0 

o r  

dKi n (x) = - -  Kin_~ (x) dx, Ki~ (x) = ~ Ki~_, (t) dt, 

K i n ( x ) = K i n ( O ) - - S K i n - l ( X ) d x '  (2) 

where  Kin(0) is a constant  of in tegra t ion .  
The r e c u r r e n c e  r e l a t i on  

( n  + l )  K i n +  2 ( x )  = nKin(x ) + x [Kin_l(x ) -  

--Kin+~(x)l fo r  n > / I ,  (3) 

Ki~(o~) = O, Kin(O ) = ]/-~r (n/2)/2F [(n + 1)/2]. 

F o r  ins tance ,  

Kil(O) = ~/2, Ki,, (0) = 1, Ki3 (0) = g/4, Ki4 (0) = 2/3, 

_ Kin(x) d x Kin(x ) 
xn--' (n - -  2)X '~-~ + (4) 

l dx 
+ Kin_l(x ) (n - -2 )  x~-2 fo r  n>2,  

a s  

; Ki~ (x) d x = j _  [Kil ( x ) - -  2Ki~ (x)l, 
X X 

(5) 

x --,. 0 jK i~(x )  d Xx --" 0.8840685 + lnx. (6) 

The connect ion  with modif ied  B e s s e l  funct ions of 

i m a g i n a r y  a rgumen t  a r e  

Kio(x) ~ Ko (x), 
co 

Kil (x) = .f K~ du, 
x 

c o  

Ki (x) 
x 

2Ki~ (x) = ( 1 + x ~) S Ko (u) du + XKo (x) - -  x~K1 (x). 
x 

The l a s t  and f u r t h e r  r e l a t ions  a r e  di f f icul t  to ob-  
ta in  f r o m  the r e c u r r e n c e  r e l a t i on  (3). 

The t r a n s m i s s i o n  of rad ia t ion  by a m e d i u m  is 

c h a r a c t e r i z e d  by s e v e r a l  quant i t ies .  

Coefficient of irradiation. This r e p r e s e n t s  the 
dens i ty  of the d i r e c t  flux at a point dF  1 in the c a s e  of 
unit h e m i s p h e r i c a l  e f fec t ive  flux f r o m  su r f ace  F 2 
(Fig. 1). The d i r e c t  f lux inc ludes  p a r t i c l e s  which 
have not i n t e r ac t ed  with the medium:  

gr2 = -~-0 exp ( - -  kl) f(02) cos 01 dF2/P. 

F2 
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By m e a n s  of the  subs t i t u t i ons  cos| = dw = 
= c o s a d ~ d f i ,  k l  = x/cosc~,  c o s |  c o s ~ e o s f l  we ob-  
t a in  

$12 

~ ~/2 

c o s ~ d ~  exp x ~ _ _  f(O.~) cos~ada.  (7) 
~; o cos a ,  cos O~ 

Mean coef f i c ien t  of i r r a d i a t i o n :  

(Pi~= T ~i:dL, 
L 

where L is the extent of the two-dimensional surface. 
Exact calculation of the mean coefficients of irra- 

diation is possible only in the simplest examples. 
They should be calculated approximately from several 

values Of the local coefficients of irradiation. 
Coefficient of spatial distribution of incident flux. 

The density of the bulk incident flux at point dFl is 
given by the formula 

~]il -- 
qeffzQ , i  exp (-- leo f(O.3dF~? 

F.a 

The quantity 

m = ~il/g~qeff2 

shows the s p a t i a l  d i s t r i b u t i o n  of the  d i r e c t  flux i n c i -  
dent  on the point  dF , .  It is  of i n t e r e s t  in the  c a s e  of 
i r r a d i a t i o n  of a s u r f a c e  with r e l i e f .  When a l l  the  in -  
c ident  r a y s  a r e  n o r m a l  to the e l e m e n t  of a r e a ,  m = 1. 

v 

Fig.  1. Gene ra l  d i a g r a m  showing pos i t ion  
of s u r f a c e  e l e m e n t  dF~ and s u r f a c e  F 2. 

In the  e a s e  of a d i f fuse  inc iden t  f lux,  m = 2. If the 
m e a n  angle  of i nc idence  tends  to 90 ~ then m ~ ~. We 
wi l l  l a t e r  g ive  f o r m u l a s  fo r  the  p roduc t  ml}12 , 

m1~1~_= . ~ -  d~ exp " c~-sa cos% 
c o s a d a .  (8) 

Coef f ic ien t  of u t i l i z a t i o n  of point  a x i s y m m e t r i e  
e m i t t e r .  Here  we wi l l  cont inue the  work  of [6], but 
fo r  t w o - d i m e n s i o n a l  p r o b l e m s  and with due r e g a r d  
to the a b s o r p t i o n  of the  med ium.  Let  a point  s o u r c e  
with e m i s s i o n  c h a r a c t e r i s t i c  f ( |  be p l aced  at point  
d F  1 (F igs .  1, 2). We r e q u i r e  the  d e t e r m i n a t i o n  of i t s  
coef f i c ien t  of u t i l i z a t i o n  fo r  t w o - d i m e n s i o n a l  s u r f a c e s  

(for a direct flux). It is easy to arrive at the general 
formula 

.q x..,~ j 

~r, dF, 

c 4 . d{ x r ~  

T I X / /  

d4 d4 ;to 

Fig. 2. Cross sections of simple 
semitransparent bodies. 

(9) 

Since 

fo r  x = 0 ,  ~ 1 = - - ~ / 2  ~2=a /2 ,  u l = l ,  

then,  in addi t ion  to (1), 

~/2 

rt=O 0 

Figure 2 shows the simplest cases, for which 
formulas (7)-(9) become very much simpler. 

Case A. cos| 2 = cosc~, x is  the op t i ca l  (as r e g a r d s  
a t t enua t ion  of the  ray)  r a d iu s .  

~1.0 = (2/Q) (sin [32 - -  sin Pl) E a~Ki~+~ (x), 
n=O 
c~ 

ma ~= = (2/~2)([3z --  [3~) ~ a,,Ki,,+~ (x), 
n=O 

ul = (2/f~) ~" anKin+ 2 (x) .t' COSn 13 e [3. 
n = O  B~ 

Case  g.  cos|  2 = cosc~eosg  X = Dcosf i ,  w h e r e  D 
is  the op t i ca l  {as r e g a r d s  a t t enua t ion  of the  ray)  d i a -  
m e t e r .  

~,2=u,  = . % 7 ~ .  Ki.+2(Dcosp)cos=~d[3 = 
n=0  ~ 

2 ~ xl 

a,, in+~(x) D 2 __ x = 
-q V n ~ O  P 

X~ 

~a f~a 

tl=0 ~i 

2 an Ki~+l (x) xn-ldx 

n = O  .'r a 

Case  C. cos| = cosc~eos/?, x = r / eos f i ,  w h e r e  r 
is  the op t i ca l  t h i c k n e s s  of the  i a y e r .  
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= --n an'tn+t K!n§ x~'+l]/'x 2 - -  " ~  ' 
n=O .vt 

2 ~ ~ 

n=O I~ 

= --~ an'~ n Kin~ ~ (x) xn ] /x~  __ ~. . 
n ~ O  x l  

In the  l i m i t i n g  c a s e s  w h e r e  /71 = -77/2,  fi2 = 77/2 
( for  an  i n f i n i t e  l a y e r  of  m e d i u m )  

n = O  

m t ~to. = (2~,/f2) E a n E n + l  (T). (10) 
n ~ 0  

The  p r o p e r t i e s  of f u n c t i o n  En(~) h a v e  b e e n  f u l l y  d e s -  
c r i b e d  in  [7]. 

C a s e  D. cos |  2 = c o s a s i n f l ,  x = x0 ) s in f l  , w h e r e  x0 
i s  the  o p t i c a l  d i s t a n e e  to  p l a n e  2. 

I ~ i " - = ~ )  a~ K i , ~ .  sin=-* 3 cos[3d} = 
n- -0  :~1 

xn+ 1 ' 
t?=O X, 

n = 0  ~, 

c~ xt  
dx 

.... 2 V a~x~, Ki~+,(x) x~ V x~ - xg 
tz~l) xz 

x t  

e t 2xo K i ~ . , ( x )  ( x ~ - -  2,~-lF, .  u~ = - -  a n . x~ _ d x .  
9. ~ xn+l 

By successive application of formulas (4) and (5) 
we can obtain for }12 an algebraic series without 

integrals. According to (6), in the case of (~0 > 0, 

whenx0~0, x2~0, Xl ~, ~12 ~~ 
The problem posed with respect to angular coef- 

ficients fO r f(| = cos| has been solved in detail in 
several papers by Mikk [8, 9]. The solution is ulti- 

mately obtained by means of tables of Bessel func- 
tions and, hence, is suitable for very simple engineer- 
ing calculations. An analysis of the particular solution 
proposed here for f(| = cos| gives different expres- 
sions for the main functions used by Mikk: 

M (x) = (4/~) Kia (x) 

i n s t e a d  of  

M (x) -~ (2/~)[(1 g- x 2) j" Ko (u )du  -~-. xKo ( x ) -  x~K1 (x)],  
x 

Na (x) = (4/~) [Ki~ (x )  - - K i 3  (x)] 

i n s t e a d  of 

N 1 ( x ) :  (2/7: i [ ( 1 - - x  2) ,! K o ( u ) d u - -  xKo(x )  @ x2K1 (x ) ] ,  
x 

N2 (x) = (4/3~) [Ki2 (x) - -  x (Kil (x) - -  Ki3 (X))] 

i n s t e a d  of  
=c 

N~ (x) : (2x/3~)I(2 --- x ~) K, (x) + xKo (x) - -  (3 - -  x ~) ,!' Ko (u) du] .  

The  e x p r e s s i o n  f o r  func t ion  Sl(x) i s  the  s a m e :  

SI (x) = 2E3 (x) 

[ s ee  (1) and (10)]. 
The  e x p r e s s i o n s  in  t e r m s  of B e s s e l  func t ions  and 

i n t e g r a l  s of  t h e m  a r e  a l i t t l e  m o r e  c o m p l e x ,  the  m o r e  
the  e x i s t i n g  t a b l e s  [10] a r e  c o m p l i c a t e d  by e x p o n e n t i a l  
f unc t ions .  The  t a b l e s  of Kin(x) f unc t i ons ,  h o w e v e r ,  
a r e  m u c h  l e s s  t h o r o u g h .  On the  o t h e r  hand ,  r e f e r e n c e  
to the  t a b l e s  a l l o w s  on ly  m a n u a l  c a l c u l a t i o n  (us ing  a 
m e c h a n i c a l  c a l c u l a t o r ) ,  wh ich  i s  i n a p p l i c a b l e  in  the  
c a s e  of a n a l y t i c a l l y  a s s i g n e d  c o m p l e x  c o n f i g u r a t i o n s  
of the  v o l u m e  of the  m e d i u m .  

It  f o l l ows  f r o m  t h e s e  r e m a r k s  t ha t  the  u s e  of the  
Kin(x)  func t i ons  can  be  m u c h  m o r e  e f f e c t i v e  i f  t hey  
a r e  a p p r o x i m a t e d  by s i m p l e  and a c c u r a t e  a p p r o x i -  
m a t e  f o r m u l a s .  The  s e r i e s  d e r i v e d  f r o m  func t ion  
K0(x ) and u s e d  in  [5] c o n v e r g e  s l o w l y .  P r i m a k  [4] 
s u g g e s t e d  u s i n g  a s e r i e s  f o r  Kil(x)  o b t a i n e d  by  e x -  
p a n d i n g  the  i n t e g r a n d .  The  f o r m u l a s  f o r  Ki2(x ) and 
s u b s e q u e n t  f o r m u l a s  a r e  f o r m e d  f r o m  Ki(x) by i n t e -  
g r a t i o n  a c c o r d i n g  to (2): 

Ki l  (x) = ,~/2 - -  i. 1159315x - -  O. 1265783x 3 § 

-}-(1 + x2/12) 0.9986x lnx; 

Ki~(x)  = 1 - -  nx /2  + 0.8079257x 2 + 

+ O. 0364914x 4 - -  0.4993 ( 1 ~- xe/24) x 2 In x; 

Ki3 (x) = ~ /4  - - x  + ,~ x2/4 - -  0 .3248642x  3 - -  0.0080870x 5 + 

+ O. 16643 ( 1 -]- x2/40) x a In x; 

Ki~(x)  = 2 / 3 - - ~ x / 4  + 0.5x 2 --  ff~-x 3 + 
12 

+0.0916327x 4 § 0.0014591x c -  

- -  0.0416 (1 -}- x~/60) x ~ In x. 

The coefficients of x k with the highest power are 
corrected so that exact values of the functions Ki n (i) 

are obtained. The factor 0.9986 in the last term of the 
first formula is chosen to reduce the error. The error 

in the range 0 -< x < 1.2 is of tenths of one per cent and 
decreases with increase in the order of the function. 
In practice the values of the optical thicknesses usu- 
ally lie in this range if the radiation incident at large 
angles (from distant regions) is ignored. For large x 
Primak [4] proposes formulas with exponential func- 
tions. 

The reduction of three-dimensional problems to 
two-dimensional problems required investigation of 

the incomplete integrals Kin(x,a0), where (~0 is the 
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limiting angle. The larger x and n and the closer the 
value of ~0 to 7r/2, the smaller will be the error due 

to inclusion of radiation from nonexistent regions in 

the interval (c~0, ~r/2). 
In conclusion we must once again point out that all 

the formulas here are for direct fluxes. Reradiation 

and scattering of the fluxes can be taken into account 
by solution of the integral or equivalent equations. 

The calculation of the coefficients presented here is 

an essential preliminary step. 

NOTATION 

I-)-angle between normal to element of surface and ray; dFt and 
dFs-surface elements; l,  m-distance between them;/?-angle between 
normal to dF and projection of ray on cross section of two-dimensional 
body; a-angle  between this Projection and the ray, cos ~-~ = cosaeos/?; 
fU-O-emission characteristic; an-dimensiorfless coefficients; a -equi -  
valent solid angle determined from (1); k, m-l-coefficient of attenu- 
ation of ray; x-optical distance with respect to attenuation of ray; 
da~-solid angle at Which element dF 2 is seen from point dFt; Kin(X ) = 

ce 

= ~'~dexp~ (-- a'/cos a) cos n-1 = d a ; En(X) =,fexp_ (--,rt) "< t -r' dt; ~ i2-co- 
O I 

efficient of irradiation for point dF; %2-mean coefficient of irradia- 
tion; L-extent of surface F,; qeffz, W/mZ-density of hemispherical 
effective emission of surface g; Tit, W/mZ-density of bulk incident 
flux at point dF1; m-coefficient of spatial distribution of incident 
direct flux; n-coefficient of utilization of source; a a-limiting angle 
for three-dimensional system. 
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